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Improved Low-Reynolds-Number k– Model
Based on Direct Numerical Simulation Data

C. B. Hwang and C. A. Lin†

National Tsing Hua University, Hsinchu, Taiwan 30043, Republic of China

An improved low-Reynolds-numberk– turbulencemodel isproposed.The model is designednotonlyto conform
with the near-wall characteristics obtained with direct numerical simulation data but also to possess the correct
asymptotic behavior in the vicinity of the wall. The key features of this model are the adoption of the Taylor
microscale in the damping function and the inclusion of the pressure diffusion terms in the k and equations.
Further applicationsof the present model to a two-dimensionalbackward-facing step � ow indicate that the present
model reproduces correctly the skin-friction and near-wall heat transfer coef� cients.

I. Introduction

I T is a common practice to apply the logarithmic law of the wall
in computing wall-bounded� ow � elds, due to its simplicity and

lowerdemandon � ne-griddistributionsto resolvethe rapidvariation
of the � ow properties in the near-wall region. Launder1 indicated,
however, that in many casesapplyingthe low-Reynolds-numbertur-
bulence models in the near-wall region caused a marked improve-
ment over the wall function approach in predicting the local heat
transfer coef� cients. This improvement is rooted on the suf� ciently
resolved turbulence transport processes and consequently the heat
transfer characteristicsin the vicinity of the wall.

In the past, various forms of low-Reynolds-number k– turbu-
lence models have been proposed,2 – 5 but due to the lack of detailed
and reliablemeasurementsof the near-wall turbulencestructure,the
forms of the model were based on ad hoc adjustments of the model
constants and damping functions to reproduce the � ow� elds. The
arrival of direct numerical simulation (DNS)6 7 shed some light on
the detailed � ow structure in the near-wall region, and the detailed
energy budgets derived from the DNS data provide a route toward
the modeling of wall turbulence. Further, the asymptotic analysis,
which is supported by DNS data, provides a powerful tool for ana-
lyzing the forms of the models. However, few of the many proposed
models completely satisfy the asymptotic limit and the DNS data.

In this paper, an 2 [ k y]2 equation is adopted in-
stead of the equation.Key featuresof the k– model are the adop-
tion of the Taylor microscale in the damping functions and the in-
clusionof the pressurediffusion terms in both the k and equations.
The predictiveperformanceof the model isassessedby comparisons
with DNS data for fully developedchannel� ows and measurements
of the two-dimensional backward-facingstep � ow.

II. Governing Equations
The Reynolds-averagedcontinuity,Navier–Stokes, and tempera-

ture equations can be written as
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where and are kinematicviscosityand Prandtl numbers, respec-
tively.

Within the framework of eddy viscosity and adopting the Boussi-
nesq approximation, the Reynolds stress and heat � ux are approxi-
mated as
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where t and t are turbulent kinematic viscosity and Prandtl num-
bers, respectively.The value of t is chosen to be 0.9 (Ref. 2).

In the present applications, the turbulence model adopted is the
k– model.2 When applying the model toward the wall, the contri-
bution of molecular viscosity on the shear stress increases, and the
standardhigh-Reynolds-numberturbulencemust be modi� ed to ac-
count for the diminishing effect of the near-wall turbulence levels.
The construction of the low-Reynolds-number model is the focus
of the next section.

III. Near-Wall Modeling
A. Turbulent Kinetic Energy Equation

To model the k equation in the low-Reynolds-number region, it
would be bene� cial to examine � rst the exact form of the transport
equation, which can be expressed as8
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where k , k , k , k , and are the laminar diffusion, turbulent
diffusion, pressure diffusion, turbulent production, and turbulent
dissipation rate, respectively.

Before proceeding to the analysis of the near-wall asymptotic
behavior of the different terms in the equation, it would be useful
to examine the variationsof the instantaneousvelocity components
with the distance from the wall y. Following Launder,8 this can be
expressed as

u b1 y c1 y2 d1 y3 (7)

c2 y2 d2 y3 (8)

b3 y c3 y2 d3 y3 (9)
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where the coef� cients bi , ci , and di are functions of time whose
mean value must be zero because ui 0. Therefore, the Reynolds
stresses can be expressed as

u2 b2
1 y2 2b1c1 y3 c2
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By inserting the newly derived y-dependent turbulent quantities
into the k equation, it can be shown that, in the near-wall region,
convection,turbulentdiffusion,andproductiontermsgo to zerovery
rapidly. Therefore, the asymptoticbehavior of the remaining terms,
laminar diffusion k , pressure diffusion k , and dissipation rate ,
can be derived as8

k b 6 cy (16)

k 2 cy (17)

b 4 cy (18)

From order of magnitude analysis, only these terms prevail in the
near-wall region, and the inclusion of the pressure diffusion term
compensates the unbalanced � rst-order term.9 It was the com-
mon belief that the dissipation rate reached its maximum value
somewhere inside the viscous sublayer.10 However, DNS data show
a negative value of c (Ref. 6), y 4 c 0 at the wall, and
this indicates that the maximum value of dissipation rate should be
located at the wall itself. These, as argued by Kawamura,9 necessi-
tate the inclusionof k in the k equation,especially in the near-wall
region. DNS indicates the in� uences of the pressure diffusion term
decay rapidly away from the wall; therefore k is modeled as9
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It is also apparent that stands for the nonzerovalue of dissipation
rate at the wall . Because approaches 0 at about y 15, this
formulation makes the in� uence of k con� ned to the wall region.

B. Turbulent Dissipation Rate Equation
Now attention is directed to the modeling of turbulentdissipation

rate . There are currently two directions in solving the dissipa-
tion rate equation. The � rst one is the solution of the equa-
tion. The second approach is the decomposition of the dissipa-
tion rate into two parts, i.e., , and adopting as the
dependent variable. Therefore, is de� ned as the difference of

[ ui x j u i x j ] and [ 2 k y 2]. The asymp-
totic behavior of is

d d y2 21

As indicated earlier, stands for the nonzero value of dissipation
rate at the wall . Therefore, the advantageof this approach is that

reaches zero at the wall and equals to at about y 15 where
approaches0.

The commonly adopted form of the equation can be expressed
as3
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In the vicinity of the wall, convection, turbulent diffusion, and pro-
ductiongo to zero very rapidly, and the asymptotic behaviorsof the
remaining terms are
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This necessitates the inclusion of the pressure diffusion to balance
the equation, and the form adopted is
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This form was � rst suggestedby Launder,8 albeit in the equation.
The idea of the inclusionof to balance the molecular diffusionat
the wall was also adopted by Chien4 and Kawamura,9 though with
different formulations.However, only the present formulationmim-
ics the diffusive nature of the pressure diffusion term. Furthermore,
the proposedmodeled also generatesthe extra source for in the
buffer zone, completely replacing the commonly adopted function,

t
2Ui x j xk

2Ui x j xk .

C. Proposed Model
The proposed forms of the turbulent kinetic and dissipation rate

equations are
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where

t k2 C f y 28

The coef� cients and the damping functions are

C 0 09 C 1 1 44 C 2 1 92

f 1 exp 0 01y 0 008y3

k 1 4 1 1 exp[ y 10 ]

1 3 1 0 exp[ y 10 ]

f1 1 f2 1

where y y k and k is the Taylor microscale.
The adopted form of f reproduces correctly the asymptotic
limit, i.e., f y and hence u y3 toward the wall. The adop-
tion of y avoids the obvious defect, i.e., the singularity occur-
ring at the reattaching point by adopting y u y . Practically,
y y k y [ k3 2 R1 2

t ] could serve as a length-scale
damping factor when approaching the wall, and accounts for the
wall-proximity size of eddies that are of the order of the wall dis-
tance y.
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The constants in the model are chosen so that the present model
retainsits high-Reynolds-numberform away from solidboundaries.
The asymptotic values of turbulent Prandtl number k and are
adoptedas 0.3 to obtainsuf� cientdiffusionin thevicinityof thewall.
In the core region of the � ow, k is chosen to eliminate the
common drawback where the turbulent diffusion of k overwhelms
that of (Refs. 11 and 12). In the preliminary studies, the function
f2 1 0 22exp[ Rt 6 2] was chosen to match the � nal period
of decay of isotropic turbulence, which originates from the work
of Hanjalic and Launder.12 However, the predicted results differ
marginally with those adopting f2 1.

Here, the performances of the k– models proposed by Launder
and Sharma3 (referred to as LS) and Chien4 (referredas CH), which
were rated best in the reviews by Patel et al.13 and Savill,14 are to
be contrasted with the present model.

IV. Numerical Procedure
The present numerical procedure15 solves discretized versions

of all equations over a staggered � nite volume arrangement. The
principle of mass-� ux continuity is imposed indirectly via the so-
lution of pressure-correction equations according to the SIMPLE
algorithm.16 The � ow-property values at volume faces contained in
the convective � uxes, which arise from the � nite volume integra-
tion process, are approximatedby the quadraticupstream-weighted
interpolation scheme (QUICK).17

It was found that the employment of the third-order approxima-
tion of the surface derivativesarising from the viscous and pressure
diffusionprocesses is essential in reproducingthe correct � ow near-
wall asymptoticbehavior,by ensuringthat thederivativeis evaluated
right at the surface.

The computed solution is assumed to have convergedto its steady
state when the magnitude of the absolute residual sources of mass
and momentum, normalized by the respective inlet � uxes, falls be-
low 0.01%.

V. Results and Discussions
A. Fully Developed Channel Flows

The performance of the proposed model is � rst contrasted with
the DNS data of fully developed channel � ows,6 with Reynolds
number being Re 3 95 102 and 1 80 102 , respectively.The
Re 3 95 102 case was used to calibrate the present model
coef� cients, f , k , and . Grid densities of sizes 60, 100, and
160 in the direction normal to the wall were used to check the grid
independence. Preliminary results indicated that the three meshes
producednearly identicalresults; therefore,the 60 grid was used for
all subsequent calculations.To ensure the resolution of the viscous
sublayer, the � rst grid node near the wall was placed at y 0 1.

The asymptotic behaviors of k k U 2 , u u U 2 ,
and U 4 in the near-wall region with Re 3 95 102,
are shown in Figs. 1–3. The term U is the friction velocity and
is de� ned as U . The results indicate that the present
model predicts the correct limiting behaviors, and the rest of the
two models do not satisfy the quadratic or cubic variation of the
turbulent quantities, i.e., k y2 u y3 , and y2 . Similarly,
the f , shown in Fig. 4, is also well representedby the presentmodel
in comparison with the DNS18 and Patel’s data.13 In the region very

Fig. 1 Turbulent kinetic energy k asymptotic behaviors: Re =
3 95 102.

Fig. 2 Shear stress uv asymptotic behaviors: Re = 3 95 102.

Fig. 3 Turbulent dissipation rate asymptotic behaviors: Re =
3 95 102 .

Fig. 4 Damping function f distributions: Re = 3 95 102.

close to the wall, f increasesproportionalto y to ensure the correct
cubic power-law behavior of the Reynolds stress, i.e., u y3.
While in the elevated Reynolds number region, the value of f
approaches1, to ensure the model being compatible to the standard
high-Reynoldsk– turbulencemodel. Note, however, that the DNS
data were evaluatedusing the formulation t C f k2 , in which
case f varies inversely with y, i.e., f 1 y. The present model,
on the other hand, adopts the form t C f k2 , and in the near-
wall region f increasesproportionallyto y. Therefore, the present
model should match the DNS data in the regions y 15, where
and are equal.

Further examination of the performanceof the models can be di-
rected to the k distributionsof the Re 3 95 102 and 1 80 102

cases, shown in Figs. 5 and 6 for the near-wall region. Although the
Launder and Sharma model underpredictedthe peak value, the best
result is predictedby the proposedmodel. The effect of the inclusion
of pressure diffusion terms, as indicated earlier, is best exempli� ed
by observing the distributions in the near-wall region, shown in
Figs. 7 and 8. The present model shows the correct level of with
the maximum located at the wall, and in strong contrast, the CH and
LS models indicate misplaced local maxima. The elevated level of
the dissipation rate, due to the increase of Reynolds number, is also
captured by the present model.

The overall performanceof the model is evaluated by examining
the predicted turbulencekineticenergy budget, shown in Figs. 9 and



HWANG AND LIN 41

Fig. 5 Turbulent kinetic energy k distributions: Re = 3 95 102.

Fig. 6 Turbulent kinetic energy k distributions: Re = 1 80 102.

Fig. 7 Turbulent dissipation rate distributions: Re = 3 95 102.

Fig. 8 Turbulent dissipation rate distributions: Re = 1 80 102.

10, for the Re 3 95 102 and 1 80 102 cases, respectively.
By contrasting with DNS data, the quality of the model predictions
can be further ascertained. The k–budget is in general dominated
by production and dissipation processes away from the wall. In
the vicinity of the wall, the dissipation rate balances the viscous
diffusion process.

B. Turbulent Plane Couette–Poiseuille Flow
The performanceof the proposedmodel is further contrastedwith

the DNS dataof the fullydevelopedplaneCouette–Poiseuille� ow. 19

The schematic picture of the � ow is shown in Fig. 11, where the
top wall is at rest and the bottom wall is moving at a constant speed
U . The Reynolds number based on the channel half-width and
the bottom wall velocity is 1 8 103. Grid densities of sizes 60
and 100 in the direction normal to the wall were used to check the
grid independence,and the 60 grid was found enough.The � rst grid
node near the wall was placed at y 0 1 to ensure the adequate
resolution of the viscous sublayer.

The in� uence of the moving wall on the � ow can be seen by the
asymmetric axial velocity distributionacross the channel, shown in
Fig. 12, where the location of the maximum axial velocity is ob-
served to shift toward the moving wall. The velocity distribution at
the top wall side is similar to that obtained from the fully developed
channel � ow. However, a markedly different pro� le is observed at
the moving bottom wall region, shown in Fig. 13, and the veloc-
ity distribution is well predicted by the proposed model. Note that
U t and U b are the friction velocity at the top and bottom walls,
respectively.

Fig.9 Turbulent kinetic energy budgetdistributions:Re = 3 95 102.

Fig. 10 Turbulent kinetic energy budget distributions: Re = 1 80
102 .

Fig. 11 Geometry of
turbulent plane
Couette–Poiseuille � ow.



42 HWANG AND LIN

Fig. 12 Mean velocity pro� les; U t denotes the friction velocity at the
top wall.

Fig. 13 Mean velocity plotted from the bottom wall;U b denotes the
friction velocity at the bottom wall.

Fig. 14 Turbulent kinetic energy pro� les.

Becauseof the reductionof the shear stressat the movingwall, the
turbulentkinetic energy level adjacent to the bottomwall is severely
damped, as can be seen in Fig. 14, compared with the k level at the
top wall side. The performances of the models near the stationary
side are similar to those observed in the previous section. However,
at the bottom wall, the k level predicted by the LS model decays
monotonically,which is inconsistentwith the DNS data distribution.

As observed in the previous section, the local maximum of
is located at the wall near the stationary side. At the region yb
ybU b 20 on the moving wall side, the local maximum of
is again found at the wall, shown in Fig. 15, and this is reproduced
correctlyby the proposed model. The CH prediction shows a rise to
its local maximum and then decays monotonically toward the wall.
However, the LS prediction decays monotonically toward the wall
at yb 20. Finally, the performance of the proposed model can be
ascertained by observing the turbulent kinetic energy budget near
the moving wall, shown in Fig. 16.

C. Turbulent Flow over a Backward-Facing Step
To explore the model’s performance in complex environments,

the model is further applied to simulate � ow at a backward-facing
step.20 Measurements of the � ow quantities as well as wall heat
transfer characteristicsare available to further evaluate the model’s
performance.The geometry of the backward-facingstep is shown in
Fig. 17. The Reynolds number of the � ow, based on the step height,

Fig. 15 distributions: bottom wall.

Fig. 16 Turbulent kinetic energy budget: bottom wall.

Fig. 17 Geometry of backward-facing step.

is Reh 2 8 104 , and the incoming boundary-layer thickness is
H 1 1.
In the present computations, two grids, sizes 78 62 and

150 110, which were nonuniform in both the x and y directions,
were used to investigate the effects of grid dependence on the � ow
predictions. The differences of predictions in the two grids were
found to be marginal; therefore in the subsequent computations the
150 110 gridwas adopted.The � rst near-wallgrid nodewas placed
at y 0 3.

Figure 18 shows the predictedskin-frictioncoef� cient C f . Laun-
der and Sharma’s results were taken from the computationsof Hey-
erichs and Pollard,21 in which the performances of different model
variantswere compared and contrastedwith measurements.The su-
perior performanceof the presentmodel in this complex � ow can be
further ascertained, in strong contrast to the other two models. One
parameter frequentlyused to examine the performanceof the model
is the reattachment length. The present prediction indicates that the
shear layer reattachesat around X R H 6 55, which is close to the
measured value, 6.67.

In the present geometry, due to the imposed constantheat � ux on
the lower wall, a measured Stantonnumberdistributionis also avail-
able for comparison.Because steep temperature variation occurs in
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Fig. 18 Predicted skin-friction coef� cients.

Fig. 19 Predicted Stanton number distributions.

the thin near-wall region, the near-wall turbulence structure in� u-
ences strongly the wall heat transfer characteristics.Consequently,
near-wall turbulencemodeling plays an important role in reproduc-
ing the correct heat transfer characteristics.The predicted Stanton
number distributions are shown in Fig. 19. It has been long recog-
nized that the LS model predicted an excessive heat transfer rate
right at reattachment, due to the elevated level of length scale pre-
dicted. The common cure of this defect is to damp the growth of
the turbulent length scale by the inclusion of the Yap term.22 The
defect of the usage of y in the damping function f can be seen
from the CH prediction near the reattachment region. Overall, the
present model predicts a correct level of the Stanton number distri-
bution. This is partly due to the correct near-wall dissipation level
predicted, resulting from the satisfaction of the asymptotic limit in
the vicinity of the wall. The predicted heat transfer performancesof
the various turbulencemodels are consistentwith the predictionsof
skin friction. This is expected because it has long been established
that for boundary-layer � ows Nu is correlated to C f through the
Reynolds analogy.

VI. Conclusion
An improvedlow-Reynolds-numberk– turbulencemodel is pro-

posed.The model is designednot only to conformwith the near-wall
characteristics obtained with direct numerical simulation data but
also to possess correct asymptotic behaviors in the vicinity of the
wall. Key features of the model are the adoption of the Taylor mi-
croscale in the damping function and the inclusion of the pressure
diffusion terms in both the k and equations to achieve correct
limiting behaviors. The performance of the proposed model is � rst
contrastedwith the DNS data of the fully developed channel � ows.
The effect of the inclusion of pressure diffusion terms is re� ected
by the predicted correct level of with the maximum locating at
the wall, and in strong contrast, the CH and LS models indicate
misplaced local maxima. The performance of the proposed model
is further contrastedwith the DNS data of the fully developedplane
Couette–Poiseuille � ow, and the reduction of the k and levels at
the moving wall side is reproducedcorrectlyby the proposedmodel.
To explore the model’s performance in complex environments, the
model is furtherapplied to simulate a backward-facingstep � ow. By
contrasting the predicted results with measurements, the results in-
dicate that the present model reproduces correctly the skin-friction
coef� cients and the near-wall heat transfer behavior.
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